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This paper presents a parametric study of the stresses in a 
matrix near a cylindrical inclusion. The Texas Grain Analysis Pro-
gram ('IEXGAP), a finite element approach, is used to model the 
problem. 
Eight different models are investigated whiCh establish the 
stress effects of varying inter layer thickness, va:rying modulus of 
elasticity of inclusions and interlayers, and element size. 
The results, presented as plots of axial stresses, show a 
definite lowering of the stress in the area of inclusion tennination 
as the inter layer thickness is increased from zero. A further stress 
decrease is noted with the addition of some inclusion elasticity. 
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INTRODUCTION 
The stress analysis of reinforced materials is a problem 
that has followed the path of mathematical growth and change. A 
simple statics or dynamics problem gave way to a more sophisticated 
energy approach and finally to some method of computer solution. 
' In most of these cases, the geometry of the tennination of 
one reinforcement could be represented by a cylindrical inclusion 
in some · fonn of matrix and encased in a softer bonding inter layer. 
The analysis of the local effects of loading becomes very 
difficult if the tennination is abrupt. The geometry is that of a 
right circular cylinder and a sharp edge which produces a singular-
ity. This is very similar to the geometry and singularity exposed 
1 
by Mirza for rectangular plates and inserts. Since the botmdary 
becomes discontinuous at or near the corner, any for.m of integration 
or solution by methods of elasticity become Tinpossible. 
1 
Some experiments have attempted to measure the stresses 
through photoelastic methods and have achieved some degree of success 
except in the very localized discontinuity area . 
.As a method of three dimensional stress ~alysis, the finite 
element technique serves as a widely accepted and useful tool. It 
allows a structure of virtually any size to be subdivided into much 
smaller structural elements whose interactions are either known or 
2 
may be approximated by converging solutions of displacement equations. 
The computational package used in the study is the Texas 
Grain .Analysis Program (TEXGAP), which is a finite element program 
~ 
for the analysis of two-dimensional, linearly elastic plane or axisym-
metric bodies. It typically utilizes the displacement approach in 
which discrete nodal displacements of a finite ~lement define its 
strain. The approximations 'USed in assigning these nodal displace-
ments may cause incompatibility between elements but are unique and 
continuous within each element. Similarly, the condition of equil-
ibritml may be satisfied at the nodes only. For this equilibrium to 
be ensured, this finite element process seeks a minimtm1 or stationary 
value of the total potential energy associated with the admissible 
displacements. 
This study uses two of the compatible elements which are 
available in the 1EXGAP program. Models I through VII use 270 
"Quad 8" elements which are four node, quadratic displacement, sub-
parametric, isotropic or orthotropic quadrilaterals. This element 
type does not contain the reformulation of Hermann
2
. Mbdel VIII 
uses 360 "Quad" elements which are reformulated isotropic quadri-
laterals composed of four quadratic displacement triangles. 
This program is applied to eight different models which 
establish stress effects of varying interlayer thickness, varying 
modulus of inclusions and interlayers and program element size. 
The particular version of the TEXGAP program derived by 
3 2 Schkade with Hermann's reformulation and higher order element is 
3 
found to overcome the normal stress oscillation phenomenon exhibited 





Figure 1 is a parametric table of the eight finite element 
models showing the type of inclusion, elasticity of the matrix, 
inclusion and interlayer. The problem is modeled as a cross-section 
through the axis of rotation of the cylindrical inclusion at its 
termination within the matrix. Figure 2 presents the typical geo-
metry of all models. A1 though the matrix height is only twice that 
of the inclusion, it was found to be sufficient distance from the 
inclusion to reach unifonnity of stresses. Thus, the 1,000 potmds 
4 
is applied on this surface not at infinity. For the rigid inclusions 
there was no nonnal or tangential displacement at the inclusion inter-
face. 
The element divisions of Figure 3 were chosen to provide a 
maximum number of nodal points in the "corner" area of the inclusion. 
This area has been enlarged and is shown in Figure 4. A small gap 
was left between the axis of rotation and the inclusion so as to 
minimize any further singularity· effect inherent in the program. 
The separated points for Models IV, VI, and VII of Figure 6 may still 
be the result of a singularity. :Model VIII provides no data near the 
axis. 
The element grid mesh is modified by applying a gradient to 
the group of similar material elements in the area of concem. 
5 
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ANALYTICAL AND THEORETICAL RESULTS 
This study was conducted as the author's first encounter 
with the TEXGAP program and, therefore, includes his familiarization 
'with the many different operational teChniques and obtainable results. 
These data were also limited by time and funding constraints. 
The results are presented in the fonn of plots of axial 
stress data at various positions within the eight models. It was not 
within the scope of this study to provide similar data for other 
stress or an analysis of stress interactions. However, the validity 
of the program was verified in some aspects. An equilibrium check 
of the models was made by sunnning the axial loads in the representa-
tive cross-section of elements and equating to the applied upper 
surface load. · The shear and radial stresses on the "free" cylin-
drical surface were negligibly small. It must also be emphasized 
that values, as plotted in this study, were the maximum which 
occurred at the node point and, in most cases, this number is much 
higher than that which could be obtained by a fonn of averaging 
within or between elements with the exception of r'.1odel VIII whose 
values are at the midpoint of the element sides. 
Figure 5 presents the axial stress at the termination of the 
rigid inclusion for interlayer thicknesses of 0.0, 0.01, and 0.05. 
It can be seen that the first addition of a thin interlayer has the 
greatest effect. The data goes only to a radial distance of 0.20 
since any data beyond the "corner" would not have been at the same 
vertical location. (See Figure 4.) Figures 6 and 7 then give 
-.-
similar data for the elastic inclusions. 
Figures 5 through 12 are all graphic presentations of axial 
stresses on plane sections throughout the model. To establish a 
basis of comparison for the iriterlayer "smoothing effect", Models I 
6 
and IV were analyzed with no interlayer. The rigid inclusion models 
of Figure 5 emphasize the basic intention of the study, that of inter-
layer reduction of stress concentration since the maximum stress 
decreases markedly for an interlayer of t = 0.01, (Model II) and 
still further for an inter layer of t = 0. OS, (Model III) . Similarly, 
as the peak values decreased, so did the common node stress dif-
-
ferences. In Model I, for example, connnon node values of 11,000 and 
48,000 were noted directly above the inclusion corner while Model II 
reported 14,000 and 4,000. Also, the stress within the elastic inclu-
sions decreased with increased interlayer thickness. 
For Models I, II, and III, the finite element boundary was 
established at the inclusion surface, thus preventing any "stress 
effect" of the inclusion. The significant drop in the maximum value 
of :Model II from that of :Model I emphasizes the importance of even a 
"thin" transition layer. 
Of course, the rigid inclusion case is an extreme one and is 
included to demonstrate the "value" of the soft inter layer. A com-
parison of an elastic inclusion Young's modulus with the rigid 
7 
inclusion is obtained from Model I, rigid; and Model IV, E = 1 x 10 7; 
and from Model III, rigid; and Model V, E = 1 x 107. As noted, the 
data for ~dels IV and V are fotmd .in Figure 6 . 
. - .. -
Figure 6 is the stress values from the inclusion side of the 
inclusion/interlayer interface. Models IV and V again show the 
stress reducing effect of an interlayer while Model VI shows a 
similar effect of increasing the inter layer elasticity. Model VII 
was analyzed to determine the effect of the size of the finite 
element. It would be anticipated that Model VII would exhibit a 
smaller peak stress than that of Model V due to the larger element 
size in the comer area. This will occur if a nodal average stress 
value is used rather than the maximum values. 
Since the program utilizes the displacement approach, the 
deflections of element connnon nodes were found to be equal. Such 
was not the case however, with the stress values at connnon nodes. 
This was particularly evident in the "comer" area of the inclusion 
termination where axial stress values were separated by a factor of 
three to four in the rigid inclusion models and one and one-half to 
two for the elastic models. This extent of deviation was typical 
only within the element directly above the "corner". This s~para­
tion of values may be obtained by comparing similar models from 
Figures 6 and 7. 
It is noted that in going arotmd the corner, a drastic reduc-
tion, and, in some models, even a reversal of stress values occurs. 
This effect becomes more visible in surveying the displacement 
8 
diagrams, Figures 13 through 16, where the movement from the corner 
area is not only in a positive axial direction, but also seems to 
present a countercloCkwise rotation. 
""" - .. -
Figure 7 then presents the same data, but from the other side 
of the inclusion/interlayer interface. A comparison of Figures 6 and 
7 indicates a greater stress increase at the "comer" of the inter-
layer than that of the inclusion. No explanation of this phenomenen 
is presented at this time. Since Model VIII provides rectangular 
elements, it also presents plane section nodal data beyond the inclu-
sian comer. Also, its relatively lower values may be the result of 
an averaging process since the data is presented at the midpoint 
between nodes. 
The effects of the previously discussed variables, at a 
small distance above the inclusion, are investigated in Figure 8. 
The same general elasticity and thickness results as those of Figures 
6 and 7 are noted close to the axis but tend to be more unifonn out-
board of the inclusion. Here again, element size and shape have 
little effect. 
Next we look at the effects on the inclusion cylindrical 
surface in Figures 9, 10, and 11. The same inter layer elasticity 
and thickness effects as those on the upper surface a:re shown, with 
the exception of a drastic stress reversal exemplified by negative 
stress at the corner point in Figure 11. The author believes this 
to be the result of stress interaction, but cannot verify this with-
out a more thorough analysis and understanding of the finite element 
program. 
A comparison of Figures 7 and 10, which show the increasing 
values approaching the comer, ~so indicates that the greatest 
-.-
axial stress occurs along the cylindrical surface of the inclusion 
rather than on the inclusion end. The very low values of Model VI 
.in Figure 10 are indicative of the effect of the lowered interlayer 
modulus on the inclusion surface stresses. This was not apparent in 
the data of Figure 11 for the inter layer surface stresses. The 
plotted data was again terminated at the corner (Z = 1.0) because 
any data above this point would not have been in the same radial 
cross-section. 
A final analysis of the resultant loading on the lower sur-
face (Z = 0) of eaCh model is plotted in Figure 12. Since Models I, 
9 
II, and III were asstnned to have completely rigid inclusions, no 
stress data was available on the lower surface for R < 0.20. For all 
of the Models, where R > 0. 20, the matrix material is still basically 
in equilibrium with the applied load of 1,000 (only Ivbdels I, II, and 
III were plotted in this area). 
On the inclusion's lower surface the results were similar to 
those previously obtained at other sections. To reiterate briefly, 
they are: 
o No inter layer, high stress of :Model IV 
o Thicker inter layer, lower stress of Model V 
o Lower modulus, lower stress of Model VI 
o Larger finite element, slightly lower stress of Ivbdel VII 
• Rectangular element of Model VIII 
The curves of Figure 12 may be integrated as a check on the model 
equilibrium. 
-.-
Figures 13 through 16 are deflection diagrams of the corner 
area of each of the models as obtained from the computer scope. 
The deflection and model scales have both been modified and may 
differ from one model to another. 
Figure 13 again emphasizes the interlayer effect by showing 
a much larger axial displacement of the inter layer in Model II. In 
Model I the 'no interlayer" was obtained by making its modulus 
identical to that of the matrix. 
10 
In all of the models a certain amotmt of rotation is apparent 
around the comer, which could possibly be related to the encountered 
stress reversals. The magnitude of rotation is also affected by the 
interlayer thickness as evidenced from the straightness of Model IV 
in Figure 15. 
11 
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tvbdel Type of E E E t 
No. Inclusion (Matrix) (Inclusion) (Inter layer) (Interlayer) 
I Rigid 9 X 10
5 
(X) .00 
II Rigid (X) 1 X lQS .01 
III Rigid (X) 1 X lOS .OS 
IV Elastic 1 X 10
7 
.00 
v Elastic 1 X lOS .OS 
VI Elastic 1 X 104 .OS 
VII* Elastic 1 X lQS .OS 
VIII** Elastic 9 X lOS 1 X 10
7 
1 X 105 .OS 
*same condition as :M:>del No. V but with a larger finite element 
grid size. 
**Same condition as Model No. V but with a rectangular rather than 
a quadrilateral-shaped element. 
Figure 1. 1\tbdel Descriptions 
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Figure 3. TEXGAP Finite Element ~Iodel 
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Figure 13. Deflection Diagram 
RIGID INUUSIOO 
B (INCLUSIOO) : 
B ( INTERLAYER) : 
E (MATRIX) : 
t (INTERLAYER) : 
(A) 
f.DDEL I I I 
-
1 X 10~ 
9 X 10 
.05 
....---




~---v~v .-- -,_... ~ 
~~ v ~ \ / v 












E (INCLUSION) : 1 X 10~ 
E (INTERLAYER) : 1 X lOS 
E (MATRIX) : 9 X 10 






B (INCLUSIOO): 1 X 10 7 
E (INTEHLA YER) : 1 x 10S 
E (MATRIX) : 9 X lOS 




E (INCLUSION): 1 X 10~ 
E (INTERLAYER): 1 X 10 
B (~tATRIX) : 9 X lOS 






B (INCLUSION): . 1 X lOI 
B (INTERLAYER): 1 X lOS 
B (MATRIX): 9 X 10 
ELASTIC INCLUSIOO 
E (INCLUSION): 1 X 107 
B (INTERLAYER) : -
E (MATIUX): 9 X lOS 
t ( INTERLAYER) : • 0 S t (INTERLAYER) : 0 
(A) (D) 
M:>DBLVI MJIEL IV 
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SUMvfARY 
The solution of any problem using a modeling teclmique can 
only be as accurate as the teclmique itself. Any finite element pro-
gram afforc:Js the user the choice of model geometzy to duplicate his 
actual structure. It was with this choice in mind that the author 
decided to utilize the program of Schkade3 to study inter layer effects. 
By comparing relative magnitudes of the stress concentrations 
of all the cases presented, it may be realized that al}hough no inter-
layer may mean certain failure, it may require only a small softening 
but continuous layer between reinforcement and matrix to maintain con-
tinuity. 
This study has presented only a portion of the data which is 
available from the finite element program. The author feels that a 
more detailed analysis of other stresses and stress interactions 
along with a deeper tmderstanding of the TEX~ program· could lead 
to a more thorough explanation of the "comer. effect" and the result-
ant changes imparted by an interlayer upon the model. 
' 
28 
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